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Abstract-Implicit finite difference schemes are developed for the numerical solution of certain class of 
non-linear partial differential equations. By making use of interpolating cubic splines, simple multistep 
algorithms are derived for one- and two-dimensional non-linear parabolic problems. The schemes are 
analysed for accuracy and stability. They are first order accurate in time and second order accurate in space 
dimensions. For a wide range of cubic spline parameters, the schemes are found to be unconditionally 
stable. For illustrating the theory, Burgers’ models in one and two space dimensions are solved as test 
examples upto Reynolds numbers 1500. 
1. INTRODUCTION 
For studying the behaviour of viscous flows under various conditions, one has to solve 
mathematical models based on the Navier-Stokes equations. In most of the cases, these models 
turn out to be non-linear and thus defy systematic analysis of the problems. During the last two 
decades, several numerical schemes have been proposed for solving non-linear coupled 
parabolic equations in order to get an insight into the transient behaviour of fluid flow problems. 
Developing of algorithms using cubic spline interpolates has become popular because of the 
fact that these algorithms give more accurate results as compared to those by simple finite 
difference schemes. Recently, Jain and Holla[ll have made use of the cubic spline technique 
for devising algorithms for solving non-linear coupled Burgers’ equations. Rubin and Graves[2] 
have proposed Spline-Alternating-Direction-Implicit method for solving two-dimensional vis- 
cous flow problems at low Reynolds numbers. 
In this paper, we consider the derivation of implicit multistep finite difference schemes for 
the numerical solution of a class of non-linear parabolic partial differential equations in which 
the non-linear functions are assumed to be homogeneous. Use of non-iterative linearization 
technique has been made in the proposed schemes. 
For computational purpose, the non-linear functions have been so chosen that the basic 
equations (2.1) and (3.1), (3.2) reduce to Burger’s equations. It is known that Burgers’ equation 
represents models of turbulence and weak non-stationary shock wave in a real fluid (see, 
Cole[3]). The numerical scheme proposed in this paper may be used for solving non-linear 
parabolic problems arising in Fluid Mechanics at high Reynolds numbers. 
2. ONE DIMENSIONAL CASE 
Consider the partial differential equation 
u,+f*= vu, (2.1) 
where u = u(x, t), f is a non-linear function of u and v is a positive constant. Split (2.1) into 
following two equations: 
+,=-f* (2.2) 
1 
- 4 2 = VU,. (2.3) 
Approximating the time derivative by forward differences and the space derivative by the 
first order derivative of the cubic spline function, (2.2) can be approximated to 
Ojt?t:+““’ + (1 - e,)m: = _+_yJ+clrn_ vi”) (2.4) 
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where 13, E [0, I] is spline parameter, mi” = SA(Xi), S.(x) being cubic spline function, Ur is 
discrete approximation for U(X, t) at (ih, nk) (i = 0, 1,2,. . . , M; n = 0, 1, . . .), h is the mesh size 
and k is the increment in time. Eliminating mi” and trr:+(i”) from (2.4) with the help of cubic 
sphne relations (Ahlberg et al. [41), we get 
where 
and 
k 
r=-_2. 
h 
Again, approximating the time derivative by forward differences and space derivative by 
second order derivative of cubic spline function S.(x), (2.3) takes the form 
where 8, E [0, I] is spline parameter and Mr = Sxxi). Eliminating MY+“‘2) and M/‘+’ from (2.6) 
with the help of cubic spline relations, we get 
(1 + (i- 4+J~+l - uy+(9 = &j;w+(m. (2.7) 
Equations (2.5) and (2.7) constitute an implicit difference approximation to (2.1). This 
scheme leads to a system of non-linear difference quations to be solved at each time level. One 
can remove the non-linearity in (2.5) and maintain the order of accuracy by linearization 
procedure commonly used in the numerical solution of non-linear system of ordinary differen- 
tial equations[S]. Thus, we get a non-iterative scheme which is more efficient computationally. 
Time linearization of fayin) by Taylor series yields 
where A is given by 
f n+t’m = f” + An(~n+“2 - u”) + O(L\tq (2.8) 
2 A= au. (2.9) 
Assuming f to be a homogeneous function, from (2.8) we have 
f n+(1/2) = AQn+(1/2) + q&2). (2.10) 
It preserves the second order accuracy of the scheme. Linearizing the difference quation (2.5) 
with the help of (2.10) 
Intermediate boundary conditions are given by 
(2.11) 
UO”+(“‘) = U,” -; rh (2As - Ax?fo” 
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and 
&t+(m) = Uht” - ; rh (2V, + v,qf&f”. 
Eliminating Un+(“‘) 1 from (2.7) and (2.11), 
(2.12) 
(2.13) 
Neglecting higher order terms, we obtain 
For discussing stability of the scheme (2.14), we apply matrix method to 
v+’ = (l+ rVS,2)U~* (2.15) 
Scheme (2.13) is found to be unconditionally stable for 8, E [i, l] and & E [t, 11. It is first order 
accurate in time and second order accurate in space variable. 
3. COUPLED EQUATIONS 
Consider the non-linear coupled equations 
4 + crl>x +(&?l), = l@u (3.1) 
uf + OX + (& = vv*v (3.2) 
where u = U(X, I), u = u(x, t) and f,,,f~, g,, g2 are nonlinear functions of u and u. Split (3.1) as 
1 
- ur 4 =-cf,)x; &=vup; $u,=-(g,),; yU,=Vurv (3.3) 
Applying the cubic spline technique as discussed in Section 2, the finite difference ap- 
proximations for above equations are 
where spline parameters 8,, e2, es, e4 take values in 10, 11, U$ is the discrete approximation for 
u(x, y, t) at (ih, jh, nk), f,” = Cf,)L and g,” = (g,)?‘. Similarly the finite difference approximations 
for (3.2) are 
(3.8) 
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(1 + (A _ “4S,7)( Qw2) _ v;f”“‘) = m&qlp4) (3.9) 
(I+;s,z)(v~~(3~4~- V$W)) + f r&3p~,CfZn+(3/4) - f2n+(‘/*)) = - ; thp~f2n+(m (3.10) 
(3.11) 
where VT’ is the discrete approximation for u(x, y, t) at (ih, jh, nk), f2” = (fi)Fj and gzn = (g&. 
Equations (3.4)-(3.11) constitute the multistep finite difference scheme for solving the 
coupled (3.1) and (3.2). Equations (3.4) and (3.6) are to be solved for Ll;fCu4’ and LIF/3’4 
respectively. As f,n+(‘/4) = f,( u”+(u4)) and g,n+(3’4) = g,( Un+(3’4) 1, (3.4) and (3.6) are non-linear. Using 
linearization procedure as discussed in Section 2, these equations reduce to 
where 
A Jfl 1=au’ %?I B,=-. ai4 (3.14) 
Similarly, linearizing (3.8) and (3.10), we have 
where 
ag2 A2=--, 
av 
af2 B2=-. 
aa 
(3.17) 
Eliminating the intermediate values, the scheme turns to be 
= [*+{~+“(l-e4))s.‘][l+$%+-e3)rh~&B2~] 
x l+ [ {~+“(1-e2))~~][1+~S,i’~(l-e,)lfipaA2.]V~j. (3.19) 
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This scheme is unconditionally stable for er, B3 E If, 11 and e2, e4 E [$, I]. It is first order 
accurate in time and second order accurate in space variables. 
The intermediate boundary conditions are given by 
(i = 0, M:. j = 0, 1,. . . , M) 
u ,y’ = ( 1 + rvs,2) U $+d); u= 0, M; i = 0, 1,. . . , M) 
u ,;“‘d’ = u $fjc(‘j*) - ; rhpqg,) $?(ln); (i = 0, M; j = 0, 1, . . . , M) (3.20) 
and 
V$Ii+(“d) = V$ - ; rhpi$(g&; (j=O, M; i=O,l,..., M) 
yy) = (1 + &yz) q_?i+(“4)); (i = 0, M; j = 0, 1,. . . , M) 
(j = 0, M; i = 0, 1,. . . , M). (3.21) 
4. TEST EXAMPLES 
For illustrating the theory, we have solved two test examples by taking particular values of 
the functions. 
RExample 1 
For one dimensional case, we have taken f = (u*/2), which transforms (2.1) to Burgers’ 
equation in one space dimension 
1 
u,+uu,=-uu, 
R 
where Reynolds number R = (l/v). 
The initial and boundary conditions are taken as 
u(x, 0) = $ [x + tan (x/2)1, (0.5 IX I 1.5) 
~(0.5, 2) = & [OS + tan Cz&Jl’ tro 
41.5, t) = & [1.5+tan(&)J, t10. 
The exact solution of the problem is 
Example 2 
For two dimensional case, we have taken the functions f, = u*, gl = f2 = uv and g2 = v* over 
thedomain(OSx~7r)x(OzSy~7r). 
The initial and boundary conditions are taken as 
u(x, y, 0) = - jj cos x sin y 
v(x.y,O)=+sinxcosy 
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1 
do, Y, t) = - ~+t sin y; 
1 
4~~ y, t) = ~+t sin y 
u(x, 0, t) = 0; u(x, 7r, t) = 0 
4% Y, t) = 0; dr, Y, t) = 0 
1 
u(x, 0, t) = ~+t sin x; u(x, 7r, t) = - & sin x. 
Both the examples are solved for a wide range of Reynolds number R varying from 100 to 
1500. Numerical experiments were performed to test the stability of the proposed schemes. 
Table 1 gives comparison of the numerical results with the exact results for Reynolds numbers 
1000 and 1500 at time t = 2.25. It shows that the numerical results are in good agreement with 
the exact results. This agreement holds good at other Reynolds numbers too. On studying the 
computed results, we found that as time progresses, numerical results remain close to the exact 
results. 
Figure 1 shows the computed results for coupled Burgers’ equations at R = 1500 at the final 
time of computation t = 1.01. This is the steady state solution of the problem. 
Table 1. Numerical solution of example 1 for 8, = e2 = 0.5, h = 
0.00625 at I = 2.25 
Exact Numerical Exact Numerical 
x solution solution solution solution 
0.5 o.om37530 o.ooo753o 0.oal5025 0.0005025 
0.6 o.wl9065 o.ooo8995 0.0006049 O.OW6Oll 
0.7 0.0010617 0.0010616 0.0007085 0.0007085 
0.8 0.0012189 0.0012189 0.0008135 0.0008135 
0.9 0.0013787 0.0013787 0.0009201 0.0009201 
1.0 0.0015413 0.0015413 0.0010286 0.0010286 
1.1 0.0017075 0.0017O75 0.00113% 0.00113% 
1.2 0.0018779 0.0018779 0.0012533 0.0012533 
1.3 0.0020532 0.0020529 0.0013703 0.0013703 
1.4 0.0022345 0.0022151 0.0014914 0.0014808 
1.5 0.0024230 0.0024230 0.0016172 0.0016172 
-6 
0 n/2 x- TT 
a) U-COMPONENT b) V-COMPONENT 
Fig. 1. Velocity components at I = 1.01; R = 1500; Ax = 0.045; Al = 0.01; 8, = 0.5; & = 1.0: r = 4% 
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5. CONCLUSION 
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Cubic spline schemes proposed for the solutions of a class of parabolic non-linear partial 
differential equations are found to be unconditionally stable for a wide range of cubic spline 
parameters. The schemes are first order accurate in time variable and second order accurate in 
space variables. Being of non-iterative nature, they are very fast. These schemes can also be 
used for solving other non-linear parabolic problems. 
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